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Abstract
We present a generalization of the standard Ino¨nu¨-Wigner contraction by rescaling not only
the generators of a Lie superalgebra but also the arbitrary constants appearing in the com-
ponents of the invariant tensor. The procedure presented here allows to obtain explicitly the
Chern-Simons supergravity action of a contracted superalgebra. In particular we show that
the Poincare´ limit can be performed to a D = 2 + 1 (p, q) AdS Chern-Simons supergravity in
presence of the exotic form. We also construct a new three-dimensional (2, 0) Maxwell Chern-
Simons supergravity theory as a particular limit of (2, 0) AdS-Lorentz supergravity theory. The
generalization for N = p+ q gravitini is also considered.
UAI-PHY-16/12
1 Introduction
The three-dimensional (super)gravity theory represents an interesting toy model in order to
approach higher dimensional (super)gravity theories, which are not only more difficult but also
leads to tedious calculations. Additionally, the D = 2 + 1 model has the remarkable property to
be written as a gauge theory using the Chern-Simons (CS) formalism [1, 2]. In particular, the
three-dimensional supersymmetric extension of General Relativity [3, 4] can be obtained as a CS
gravity theory using (A)dS or Poincare´ supergroup. A wide class of N -extended Supergravities
and further extensions have been studied in diverse contexts in e.g., [5, 6, 7, 8, 9, 10, 11, 12, 13,
14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25].
The derivation of a supergravity action for a given superalgebra is not, in general, a trivial
task and its construction is not always assured. On the other hand, several (super)algebras can
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be obtained as an Ino¨nu¨-Wigner (IW) contraction of a given (super)algebra [38, 39]. Nevertheless,
the Chern-Simons action based on the IW contracted (super)algebra cannot always be obtained
by rescaling the gauge fields and considering some limit as in the (anti)commutation relations.
In particular it is known that, in presence of the exotic Lagrangian, the Poincare´ limit cannot
be applied to a (p, q) AdS CS supergravity [7]. This difficulty can be overcome extending the
osp (2, p)⊗osp (2, q) superalgebra by introducing the automorphism generators so (p) and so (q) [9].
In such a case, the IW contraction can be applied and reproduces the Poincare´ limit leading to a
new (p, q) Poincare´ supergravity which includes additional so (p)⊕ so (q) gauge fields.
Here, we present a generalization of the IW contraction by considering not only the rescaling
of the generators but also the constants of the non-vanishing components of an invariant tensor.
The method introduced here assures the construction of any CS action based on a contracted
(super)algebra. In particular, we show that the Poincare´ limit can be applied to a (p, q) AdS
supergravity in presence of the exotic Lagrangian without introducing extra fields as in Ref. [9].
Subsequently, we apply the method to different (p, q) AdS-Lorentz supergravities whose IW con-
traction leads to diverse (p, q) Maxwell supergravities. The possibility to turn the IW contraction
into an algebraic operation is not new and has already been presented in the context of asymptotic
symmetries and higher spin theories in Ref. [26]. Other interesting results using diverse flat limit
contractions in supergravity can be found in Ref. [27].
At the bosonic level, the Maxwell symmetries have lead to interesting gravity theories allowing to
recover General Relativity from Chern-Simons and Born-Infeld (BI) theories [28, 29, 30, 31]. On the
other hand, the AdS-Lorentz and its generalizations allow to recover the Pure Lovelock [32, 33, 34]
Lagrangian in a matter-free configuration from CS and BI theories [35, 36]. At the supersymmetric
level, the Maxwell superalgebra provides a pure supergravity action in the MacDowell-Mansouri
formalism [37]. More recently, a three-dimensional CS action based on the minimal Maxwell su-
peralgebra has been presented in Ref. [22] using the expansion procedure. Here, we show that the
same result can be obtained using our alternative approach. Besides, we show that the Maxwell
limit can also be applied in a (p, q) enlarged supergravity leading to a (p, q) Maxwell supergravity
with an exotic Lagrangian.
The organization of the present work is as follows: In section 2, we apply our approach to
N = 1 and N = p+ q AdS CS supergravities. In particular, we show that the Poincare´ limit can
be applied to (p, q) AdS CS supergravity theories in presence of the exotic Lagrangian. In section
3, we discuss the Ino¨nu¨-Wigner contraction of an expanded supergravity. In particular, we describe
the general scheme. In section 4, we apply our procedure to a N = 1 expanded CS supergravity. In
section 5, we present the CS formulation of the (2, 0) and (p, q) Maxwell supergravities and discuss
their relations to (2, 0) and (p, q) AdS-Lorentz supergravities, respectively. Section 6 concludes our
work with some comments and possible developments.
2 Ino¨nu¨-Wigner contraction and the invariant tensor
The standard Ino¨nu¨-Wigner contraction [38, 39] of a Lie (super)algebra g consists basically in
properly rescaling the generators by a parameter σ and applying the limit σ → ∞ corresponding
to a contracted (super)algebra.
Despite having the proper contracted (super)algebra following the IW scheme, the contracted
invariant tensor cannot be trivially obtained. This is particularly regrettable since the invariant
2
tensor is an essential ingredient in the construction of a Chern-Simons action.
In this paper, we present a generalization of the standard Ino¨nu¨-Wigner contraction considering
the rescaling not only of the generators but also of the constants appearing in the invariant tensor.
The method introduced here allows to obtain the non-vanishing components of the invariant tensor
of an IW contracted (super)algebra. Thus, the construction of any CS action based on an IW
contracted (super)algebra is assured. In particular, we apply the method to different (p, q) AdS-
Lorentz superalgebras whose IW contraction leads to diverse (p, q) Maxwell superalgebras.
Let us first apply the approach to the AdS supergravity in order to derive the Poincare´ super-
gravity.
2.1 Poincare´ and osp (2|1)⊗ sp (2) supergravity
As in the bosonic level, the IW contraction of the AdS superalgebra leads to the Poincare´ one.
Besides, the Poincare´ CS supergravity action can be obtained considering a particular limit after an
appropriate rescaling of the fields of the super AdS CS action. Nevertheless, in presence of torsion
the exotic Lagrangian, which has no Poincare´ limit [7], is added to the AdS CS supergravity.
The three-dimensional Chern-Simons action is given by
I
(2+1)
CS = k
∫ 〈
AdA+
2
3
A3
〉
, (1)
where A corresponds to the gauge connection one-form and 〈. . .〉 denotes the invariant tensor. In
the case of the osp (2|1)⊗ sp (2) superalgebra, the connection one-form is given by
A =
1
2
ωabJ˜ab +
1
l
eaP˜a +
1√
l
ψαQ˜α , (2)
where J˜ab, P˜a and Q˜α are the osp (2|1) ⊗ sp (2) generators. The gauge fields ea, ωab and ψ are the
dreibein, the spin connection and the gravitino, respectively. Here, the length scale l is introduced
purposely in order to have dimensionless generators TA =
{
J˜ab, P˜a, Q˜α
}
such that the connection
one-form A = AAµTAdx
µ must also be dimensionless. Since the dreibein ea = eaµdx
µ is related to the
spacetime metric gµν through gµν = e
a
µe
b
νηab, it must have dimensions of length. Then, the ”true”
gauge field should be considered as ea/l. In the same way, we consider ψ/
√
l as the supersymmetry
gauge field since the gravitino ψ = ψµdx
µ has dimensions of (length)1/2.
The (anti)-commutation relations for the osp (2|1) ⊗ sp (2) superalgebra are given by
[
J˜ab, J˜cd
]
= ηbcJ˜ad − ηacJ˜bd − ηbdJ˜ac + ηadJ˜bc , (3)[
J˜ab, P˜c
]
= ηbcP˜a − ηacP˜b , (4)[
P˜a, P˜b
]
= J˜ab , (5)[
J˜ab, Q˜α
]
= −1
2
(
ΓabQ˜
)
α
,
[
P˜a, Q˜α
]
= −1
2
(
ΓaQ˜
)
α
, (6)
{
Q˜α, Q˜β
}
= −1
2
[(
ΓabC
)
αβ
J˜ab − 2 (ΓaC)αβ P˜a
]
, (7)
3
where C denotes the charge conjugation matrix, Γα represents the Dirac matrices and Γab =
1
2 [Γa,Γb].
The non-vanishing components of an invariant tensor for the osp (2|1)⊗ sp (2) superalgebra are
given by
〈
J˜abP˜c
〉
= µ1ǫabc , (8)〈
J˜abJ˜cd
〉
= µ0 (ηadηbc − ηacηbd) , (9)〈
P˜aP˜b
〉
= µ0ηab , (10)〈
Q˜αQ˜β
〉
= 2 (µ1 − µ0)Cαβ , (11)
where µ0 and µ1 are arbitrary constants. Then, considering the invariant tensor (8)-(11) and the
connection one-form in the general expression for the D = 3 CS action we have
I
(2+1)
CS = k
∫ [
µ0
2
(
ωabdω
b
a +
2
3
ωacω
c
bω
b
a +
2
l2
eaTa − 2
l
ψ¯Ψ
)
+
µ1
l
(
ǫabcR
abec +
1
3l2
ǫabce
aebec + 2ψ¯Ψ
)
− d
(µ1
2l
ǫabcω
abec
)]
, (12)
where
Rab = dωab + ωacω
cb , T a = dea + ωabe
b ,
Ψ = dψ +
1
4
ωabΓ
abψ +
1
2l
eaΓ
aψ .
It is known that the following rescaling of the generators
J˜ab → J¯ab, P˜a → σ2P¯a, Q˜α → σQ¯α
leads to the Poincare´ superalgebra in the limit σ →∞. It seems natural to construct a Poincare´ CS
supergravity action combining the corresponding rescaling of the generators with the AdS invariant
tensor given by Eqs. (8)-(11). However, such rescaling of the generators leads to a trivial invariant
tensor and then to a trivial CS action. In order to obtain the right Poincare´ limit at the level of
the action, a rescaling of the arbitrary constants appearing in the invariant tensor should also be
considered. Indeed, a rescaling which preserves the curvatures structure is given by
µ0 → µ0 , µ1 → σ2µ1.
Then, considering the rescaling of both the generators and the constants, one can see that the limit
σ →∞ leads to the non-vanishing components of the invariant tensor for the Poincare´ superalgebra,
〈
J¯abP¯c
〉
P
= µ1ǫabc , (13)〈
J¯abJ¯cd
〉
P
= µ0 (ηadηbc − ηacηbd) , (14)〈
Q¯αQ¯β
〉
P
= 2µ1Cαβ , (15)
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where J¯ab, P¯a and Q¯α are the Poincare´ generators. Considering the Poincare´ gauge connection one-
form and the non-vanishing components of the Poincare´ invariant tensor, the CS action reduces
to
I
(2+1)
CS = k
∫
µ0
2
(
ωabdω
b
a +
2
3
ωacω
c
bω
b
a
)
+
µ1
l
(
ǫabcR
abec + 2ψ¯Ψ
)
− d
(µ1
2l
ǫabcω
abec
)
, (16)
where the fermionic curvature is now given by
Ψ = dψ +
1
4
ωabΓ
abψ .
Let us note that the present approach allows to trivially obtain the Poincare´ limit from the
osp (2|1) ⊗ sp (2) CS action. One could suggest that the same result can be obtained consider-
ing l → ∞ , nevertheless the presence of the exotic Lagrangian forbids such limit. Additionally,
one can notice that the gravitino does not contribute anymore to the exotic form.
2.2 (p, q) Poincare´ and osp (2|p)⊗ osp (2|q) supergravity
Let us now consider the (p, q) AdS supergravity theories, which can be viewed as a direct
sum of AdS superalgebras. It is well known that the (p, q) Poincare´ superalgebra can be derived
as a Ino¨nu¨-Wigner contraction of the (p, q) AdS superalgebra. However, as was mentioned in
Refs. [9, 11, 40], the Poincare´ limit at the level of the action requires enlargement of the AdS
superalgebra, considering a direct sum of the so (p)⊕so (q) algebra and the (p, q) AdS superalgebra.
Here, we show that our approach allows to obtain the Poincare´ limit without introducing additional
gauge fields. In particular, the non-vanishing components of the invariant tensor of the (p, q)
Poincare´ superalgebra are obtained from the AdS ones.
The supersymmetric extension of the AdS algebra contains N = p + q gravitinos, and it is
spanned by the set of generators
{
J˜ab, P˜a, T˜
ij , T˜ IJ , Q˜iα, Q
I
α
}
which satisfy [9]
[
J˜ab, J˜cd
]
= ηbcJ˜ad − ηacJ˜bd − ηbdJ˜ac + ηadJ˜bc , (17)[
T˜ ij, T˜ kl
]
= δjkT˜ il − δikT˜ jl − δjlT˜ ik + δilT˜ jk , (18)[
T˜ IJ , T˜KL
]
= δJK T˜ IL − δIK T˜ JL − δJLT˜ IK + δILT˜ JK , (19)[
J˜ab, P˜c
]
= ηbcP˜a − ηacP˜b ,
[
P˜a, P˜b
]
= J˜ab , (20)[
T˜ ij , Q˜kα
]
=
(
δjkQ˜iα − δikQ˜jα
)
,
[
T˜ IJ , Q˜Kα
]
=
(
δJKQ˜Iα − δIKQ˜Jα
)
, (21)
[
J˜ab, Q˜
i
α
]
= −1
2
(
ΓabQ˜
i
)
α
,
[
P˜a, Q˜
i
α
]
= −1
2
(
ΓaQ˜
i
)
α
, (22)
[
J˜ab, Q˜
I
α
]
= −1
2
(
ΓabQ˜
I
)
α
,
[
P˜a, Q˜
I
α
]
=
1
2
(
ΓaQ˜
I
)
α
, (23)
{
Q˜iα, Q˜
j
β
}
= −1
2
δij
[(
ΓabC
)
αβ
J˜ab − 2 (ΓaC)αβ P˜a
]
+Cαβ T˜
ij , (24)
{
Q˜Iα, Q˜
J
β
}
=
1
2
δIJ
[(
ΓabC
)
αβ
J˜ab + 2 (Γ
aC)αβ P˜a
]
− CαβT˜ IJ , (25)
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where i, j = 1, . . . , p and I, J = 1, . . . , q. Here, the T˜ ij and T˜ IJ generators correspond to internal
symmetry generators and satisfy a so (p) and so (q) algebra, respectively.
One can introduce the osp (2|p)× osp (2|q) connection one-form A given by
A =
1
2
ωabJ˜ab +
1
l
eaP˜a +
1
2
AijT˜ij +
1
2
AIJ T˜IJ +
1√
l
ψ¯iQ˜
i +
1√
l
ψ¯IQ˜
I . (26)
The non-vanishing components of the invariant tensor for the (p, q) AdS superalgebra are given
by
〈
J˜abJ˜cd
〉
= µ0 (ηadηbc − ηacηbd) , (27)〈
J˜abP˜c
〉
= µ1ǫabc , (28)〈
P˜aP˜b
〉
= µ0ηab , (29)〈
Q˜iαQ˜
j
β
〉
= 2 (µ1 − µ0)Cαβδij , (30)〈
Q˜IαQ˜
J
β
〉
= 2 (µ1 + µ0)Cαβδ
IJ , (31)〈
T˜ ij T˜ kl
〉
= 2 (µ0 − µ1)
(
δilδkj − δikδlj
)
, (32)〈
T˜ IJ T˜KL
〉
= 2 (µ0 + µ1)
(
δILδKJ − δIKδLJ) , (33)
where µ0 and µ1 are arbitrary constants. Considering the connection one-form A and the non-
vanishing components of the invariant tensor in the three-dimensional CS general expression (1),
we obtain the osp (2|p)⊗ osp (2|q) supergravity action in three dimensions:
I
(2+1)
CS = k
∫
µ0
2
(
ωabdω
b
a +
2
3
ωacω
c
bω
b
a +
2
l2
eaTa
)
+
µ1
l
ǫabc
(
Rabec +
1
3l2
eaebec
)
+(µ0 − µ1)
[
AijdAji +
2
3
AikAkjAji
]
+(µ0 + µ1)
[
AIJdAJI +
2
3
AIKAKJAJI
]
+2 (µ1 − µ0)
[
1
l
ψ¯i
(
Ψi +Aijψj
)]
+2 (µ1 + µ0)
[
1
l
ψ¯I
(
ΨI +AIJψJ
)]
, (34)
where
Rab = dωab + ωacω
cb , T a = dea + ωace
c ,
Ψi = dψi +
1
4
ωabΓ
abψi +
1
2l
eaΓ
aψi ,
ΨI = dψI +
1
4
ωabΓ
abψI − 1
2l
eaΓ
aψI .
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Let us note that an off-shell formulation for osp (2|p) × osp (2|q) supergravity is not assured when
p + q > 1. Interestingly, diverse off-shell formulations for (p, q) AdS supergravity when p + q ≤ 3
can be found in Refs. [41, 42].
One can note that the (p, q) Poincare´ superalgebra can be obtained from the (p, q) AdS one
considering the following rescaling of the generators
J˜ab → J¯ab, T˜ ij → σ2T¯ ij, P˜a → σ2P¯a, Q˜α → σQ¯α
and the limit σ →∞:
[
J¯ab, J¯cd
]
= ηbcJ¯ad − ηacJ¯bd − ηbdJ¯ac + ηadJ¯bc , (35)[
J¯ab, P¯c
]
= ηbcP¯a − ηacP¯b , (36)[
J¯ab, Q¯
i
α
]
= −1
2
(
ΓabQ¯
i
)
α
, (37)
[
J¯ab, Q¯
I
α
]
= −1
2
(
ΓabQ¯
I
)
α
, (38){
Q¯iα, Q¯
j
β
}
= δij (ΓaC)αβ P¯a + CαβT¯
ij , (39){
Q¯Iα, Q¯
J
β
}
= δIJ (ΓaC)αβ P¯a − Cαβ T¯ IJ , (40)
Here, T ij and T IJ behave as central charges and no longer satisfy a so (p) and a so (q) algebra,
respectively. Indeed, when p or q is greater than 1, the (p, q) Poincare´ superalgebra corresponds to
a central extension of the N -extended Poincare´ superalgebra.
At the level of the action, we have to consider a rescaling of the constants appearing in the
invariant tensor. Indeed, a rescaling which preserves the curvatures structure is given by
µ0 → µ0 , µ1 → σ2µ1.
Then, the limit σ → ∞ leads to the non-vanishing components of the invariant tensor for the
Poincare´ superalgebra,
〈
J¯abJ¯cd
〉
P
= µ0 (ηadηbc − ηacηbd) , (41)〈
J¯abP¯c
〉
P
= µ1ǫabc , (42)〈
Q¯iαQ¯
j
β
〉
P
= 2µ1Cαβδ
ij , (43)〈
Q¯IαQ¯
J
β
〉
P
= 2µ1Cαβδ
IJ , (44)
where J¯ab, P¯a, Q¯
i
α and Q¯
I
α correspond now to the Poincare´ generators. As was noticed in Ref. [9],
there are no components of the (p, q) Poincare´ invariant tensor including the T¯ ij and T¯ IJ generators.
Indeed, considering the (p, q) Poincare´ connection one-form and the invariant tensor (41)-(44) in
the general expression for the CS action we find
I
(2+1)
CS = k
∫
µ0
2
(
ωabdω
b
a +
2
3
ωacω
c
bω
b
a
)
+
µ1
l
(
ǫabcR
abec + 2ψ¯iΨi + 2ψ¯IΨI
)
, (45)
7
where
Ψi = dψi +
1
4
ωabΓ
abψi,
ΨI = dψI +
1
4
ωabΓ
abψI .
The Poincare´ CS action (45) can be directly obtained from the (p, q) AdS one considering the
rescaling of the constants (µ0 → µ0 , µ1 → σ2µ1), the rescaling of the fields:
ωab → ωab, Aij → σ−2Aij, ea → σ−2ea, ψi → σ−1ψi, ψI → σ−1ψI ,
and the limit σ → ∞. Thus, the Poincare´ limit can be applied without introducing extra fields
and/or change of basis. Nevertheless, as in the N = 1 case, the gravitino does not contribute to the
exotic form. Besides, no so (p) or so (q) gauge fields appear in the Lagrangian. In order to obtain
more interesting supergravity actions whose gravitino appears in the exotic term, it is necessary to
consider our approach to enlarged supersymmetries.
On the other hand, let us note that the term proportional to µ1 reproduces the action of Ref. [9]
when F (A) = 0. Naturally, the same procedure can be applied to the direct sum of (p, q) AdS
superalgebra and so (p) ⊕ so (q) algebra, which would lead to the most general action for (p, q)
Poincare´ superalgebra [9].
3 Ino¨nu¨-Wigner contraction of an S-expanded supergravity
The development of the Lie (super)algebra expansion method has played an important role
in order to derive new (super)gravity theories [43, 44, 45, 46, 47, 48, 49, 50, 51, 52, 53, 54, 55].
In particular, the semigroup expansion method (S-expansion) allows to find explicitly the non-
vanishing components of an invariant tensor for an expanded (super)algebra in terms of the original
one [47]. This feature is particularly useful since the invariant tensor is a crucial ingredient in the
construction of a Chern-Simons action.
Nevertheless, the CS action for a contracted superalgebra cannot be naively obtained by rescal-
ing the generators appearing in the non-vanishing components of an invariant tensor and considering
some limit.
As in the previous section, we show that by applying the rescaling to both generators and
constants of the invariant tensor, the CS action for a contracted superalgebra can be obtained. In
particular, we present the general scheme in order to derive an IW contracted supergravity from
an S-expanded one.
First, we shall consider the contraction of the following subspace decomposition of the Lie
S-expanded superalgebra G = S × g,
G =W0 ⊕W1 ⊕W2 , (46)
where W0 corresponds to a subalgebra, W1 corresponds to the fermionic subspace and W2 is gen-
erated by boost generators. Such decomposition satisfies
[W0,W0] ⊂ W0 , [W0,W2] ⊂W2 , (47)
[W0,W1] ⊂ W1 , [W1,W2] ⊂W1 , (48)
[W1,W1] ⊂ W0 ⊕W2 , [W2,W2] ⊂W0 , (49)
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where each subspace is generated by sets of generators
Wp =
{
X(i)p = λi+pXp with i = 0, 2, 4 . . . , n− p and p = 0, 1, 2
}
.
Here Xp are the generators of the original superalgebra g and λi+p is an element of a semigroup S
satisfying some explicit multiplication law of the SM family [56].
The IW contraction of G is obtained considering the rescaling of the expanded generators
X(i)p = σ
i+pX(i)p
and applying the limit σ →∞.
On the other hand, according to Theorem VII.2 of Ref. [47], the invariant tensor for an S-
expanded superalgebra G can be obtained from the original ones through
〈
T(A,j)T(B,k)
〉
G
= α˜iK
i
jk 〈TATB〉g , (50)
with T(A,j) = λjTA. Here α˜i are arbitrary constants and K
i
jk is the 2-selector for the semigroup S
defined as
K ijk =
{
1, when i = i (j, k)
0, otherwise,
with λi(j,k) = λjλk.
The IW contraction of the invariant tensor is obtained, considering the rescaling of the gener-
ators
T(A,j) = σ
jT(A,j),
the rescaling of the constant α˜i,
α˜i → σiα˜i
and applying the limit σ →∞.
The approach considered here offers a close relation between expansion and contraction. Inter-
estingly, as we shall see, our procedure allows us to obtain the contracted supergravity in presence
of expanded Pontryagin-Chern-Simons form.
In the following sections, we shall present known and new Maxwell supergravities considering
the present IW approach to diverse S-expanded supergravities.
4 Ino¨nu¨-Wigner contraction and N = 1 supergravity
Here, we present a generalization of the Ino¨nu¨-Wigner contraction combining the S-expansion
method and the rescaling of the invariant tensor and generators. In particular, we show the D = 3
CS action based on a N = 1 Maxwell superalgebra.
A non-standard supersymmetrization of the Maxwell algebra was introduced in Refs. [57, 58]
which can be obtained as an IW contraction of the standard AdS-Lorentz superalgebra1 [59, 60].
Nevertheless, the non-standard Maxwell supersymmetric action and its physical relevance remains
1Also known as Poincare´ semi-simple extended superalgebra.
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poorly explored due to its unusual anticommutation relations. Indeed, the Pa generators of the non-
standard Maxwell superalgebra are not expressed as bilinear expressions of the fermionic generators
Q,
{Qα, Qβ} = −1
2
(
ΓabC
)
αβ
Zab .
This feature prevents construction of a supergravity action based on this peculiar supersymmetry.
Despite this particularity, there is an alternative in order to construct a N = 1 supergravity action
based on the Maxwell supersymmetries.
A particular Maxwell superalgebra, also called as the minimal supersymmetrization of the
Maxwell algebra [61, 62, 63, 64], differs from the non-standard Maxwell one since it possesses an
additional fermionic generator. Interestingly, a minimal Maxwell superalgebra can be derived as
an Ino¨nu¨-Wigner contraction of a new minimal AdS-Lorentz superalgebra introduced in Ref. [65].
Before studying the explicit IW contraction at the level of the invariant tensor, we first present
the explicit construction of a CS supergravity invariant under the minimal AdS-Lorentz superalge-
bra. To this purpose, we will apply the S-expansion procedure analogously to the four-dimensional
case [65].
4.1 Minimal AdS-Lorentz exotic supergravity
Following the procedure of Ref. [65] , a minimal AdS-Lorentz superalgebra can be derived as an
S-expansion of the osp (2|1) ⊗ sp (2) superalgebra. Indeed, considering S(4)M = {λ0, λ1, λ2, λ3, λ4}
as the abelian semigroup whose elements satisfy
λαλβ =
{
λα+β, if α+ β ≤ 4
λα+β−4, if α+ β > 4
(51)
and after extracting a resonant subalgebra of S
(4)
M × (osp (2|1) ⊗ sp (2)), the minimal AdS-Lorentz
superalgebra is obtained [65]. This algebra corresponds to a supersymmetric extension of the
so (2, 2)⊕so (2, 1) algebra = {Jab, Pa, Zab} and is generated by
{
Jab, Pa, Z˜ab, Z˜a, Zab, Qα,Σα
}
. This
superalgebra, as in the Maxwell case, is quite different from the standard AdS-Lorentz superalgebra
discussed in Refs. [19, 59]. In fact, besides extra bosonic generators
{
Z˜ab, Z˜a
}
, it also has more
than one spinor generator. The explicit (anti)commutation relations can be found in Appendix A
for N = 1.
The construction of a Chern-Simons action for the minimal AdS-Lorentz superalgebra requires
the gauge connection one-form A:
A =
1
2
ωabJab +
1
2
k˜abZ˜ab +
1
2
kabZab +
1
l
eaPa +
1
l
h˜aZ˜a +
1√
l
ψαQα +
1√
l
ξαΣα . (52)
Since we have considered a dimensionless connection one-form, a factor l has to be introduced for
the dreibein field and the dreibein like field h˜a. The same argument applies for the spinor fields.
Another crucial ingredient necessary to write down a CS supergravity action is the invariant
tensor. Following the Theorem VII.2 of Ref. [47], the non-vanishing components of an invariant
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tensor for the super minimal AdS-Lorentz are given by
〈JabJcd〉S = α˜0
〈
J˜abJ˜cd
〉
= α0 (ηadηbc − ηacηbd) , (53)〈
JabZ˜cd
〉
S
= α˜2
〈
J˜abJ˜cd
〉
= α2 (ηadηbc − ηacηbd) , (54)〈
Z˜abZcd
〉
S
= α˜2
〈
J˜abJ˜cd
〉
= α2 (ηadηbc − ηacηbd) , (55)
〈JabZcd〉S = α˜4
〈
J˜abJ˜cd
〉
= α4 (ηadηbc − ηacηbd) , (56)〈
Z˜abZ˜cd
〉
S
= α˜4
〈
J˜abJ˜cd
〉
= α4 (ηadηbc − ηacηbd) , (57)
〈ZabZcd〉S = α˜4
〈
J˜abJ˜cd
〉
= α4 (ηadηbc − ηacηbd) , (58)
〈JabPc〉S = 〈ZabPc〉S =
〈
Z˜abZ˜c
〉
S
= α˜2
〈
J˜abP˜c
〉
= β2ǫabc , (59)〈
JabZ˜c
〉
S
=
〈
ZabZ˜c
〉
S
=
〈
Z˜abPc
〉
S
= α˜4
〈
J˜abP˜c
〉
= β4ǫabc , (60)
〈PaPb〉S =
〈
Z˜aZ˜b
〉
S
= α˜4
〈
P˜aP˜b
〉
= α4ηab , (61)〈
PaZ˜b
〉
S
= α˜2
〈
P˜aP˜b
〉
= α2ηab , (62)
〈QαQβ〉S = 〈ΣαΣβ〉S = α˜2
〈
Q˜αQ˜β
〉
= 2 (β2 − α2)Cαβ , (63)
〈QαΣβ〉S = α˜4
〈
Q˜αQ˜β
〉
= 2 (β4 − α4)Cαβ , (64)
where
{
J˜ab, P˜a, Q˜α
}
generate the osp (2|1) ⊗ sp (2) superalgebra (see eqs. (8)-(11)) and where we
have defined
α0 ≡ α˜0µ0 , α2 ≡ α˜2µ0 , α4 ≡ α˜4µ0 ,
β2 ≡ α˜2µ1 , β4 ≡ α˜4µ1 .
Here α˜0, α˜2, α˜4 are arbitrary constants as µ0 and µ1. The CS supergravity action can be written
considering the connection one-form (52) and the non-vanishing component of the invariant (53)-
(64) in the general three-dimensional CS expression
I
(2+1)
CS = k
∫ 〈
AdA+
2
3
A3
〉
.
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Thus, we have modulo boundary terms
I
(2+1)
CS = k
∫
α0
2
[
ωabdω
b
a +
2
3
ωacω
c
bω
b
a
]
+
β2
l
[
ǫabc
(
Rabec +
1
3l2
eaebec +Kabec
K˜abh˜c +
1
l2
h˜ah˜be
)
+ 2ψ¯Ψ+ 2ξ¯Ξ
]
+α2
[
Rabk˜
b
a +K
a
bk˜
b
a + K˜
a
bk
b
a +
1
l2
eaHa +
1
l2
h˜aKa − 2
l
ψ¯Ψ− 2
l
ξ¯Ξ
]
+
β4
l
[
ǫabc
(
Rabh˜c +
1
3l2
h˜ah˜bh˜c + K˜abec +Kabh˜c +
1
l2
eaebh˜c
)
+ 2ξ¯Ψ+ 2ψ¯Ξ
]
+α4
[
Rabk
b
a +K
a
bk
b
a + K˜
a
bk˜
b
a +
1
l2
eaKa +
1
l2
h˜aHa − 2
l
ξ¯Ψ− 2
l
ψ¯Ξ
]
, (65)
where
Kab = Dkab + kadk
d
b + k˜
a
dk˜
d
b , K˜
ab = Dk˜ab + kadk˜
d
b + k
d
b k˜
a
d ,
Ha = Dh˜a + kabh˜
b + k˜abe
b , Ka = T a + kabe
b + k˜abh˜
b ,
Ψ = dψi +
1
4
ωabΓ
abψi +
1
4
kabΓ
abψi +
1
4
k˜abΓ
abξi +
1
2l
eaΓ
aξi +
1
2l
h˜aΓ
aψi ,
Ξi = dξi +
1
4
ωabΓ
abξi +
1
4
kabΓ
abξi +
1
4
k˜abΓ
abψi +
1
2l
eaΓ
aψi +
1
2l
h˜aΓ
aξi .
The CS action (65) is locally gauge invariant under the minimal AdS-Lorentz superalgebra and
is split into five independent pieces proportional to α0, α2, α4, β2 and β4.. In particular, the term
proportional to α0 corresponds to the exotic form, while the α2 and α4 terms contain exotic like
Lagrangians plus fermionic terms.
Let us note that the CS action (65) reproduces the three-dimensional generalized cosmological
constant term introduced in Refs. [56, 66] when k˜ab = h˜a = 0. A generalized supersymmetric
cosmological term has also been introduced in a four-dimensional MacDowell-Mansouri like action
constructed out of the curvature two-form, based on an AdS-Lorentz superalgebra [65, 67]. Besides,
the bosonic part corresponds to the AdS-Lorentz CS action presented in Refs. [68, 69].
4.2 The Maxwell limit
One is tempted to consider an appropriate rescaling of the fields at the level of the action (65)
and apply some limit in order to derive the Maxwell supergravity action. However, although a
minimal Maxwell superalgebra can be obtained as an IW contraction of the minimal AdS-Lorentz
superalgebra, the IW contraction of the action (65) would reproduce a trivial CS action. To
reproduce a non-trivial CS supergravity action based on the N = 1 Maxwell symmetries, it is
necessary to extend the rescaling of the generators to the α and β constants appearing in the non-
vanishing components of the invariant tensor. A rescaling which preserves the curvatures structure
is given by
α4 → σ4α4 , β4 → σ4β4 , α2 → σ2α2 , β2 → σ2β2 , α0 → α0 .
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Then, considering the rescaling of the constants and the generators
Z˜ab → σ2Z˜ab , Zab → σ4Zab , Pa → σ2Pa , Jab → Jab ,
Z˜a → σ4Z˜a , Qα → σQα , Σ→ σ3Σ ,
and applying the limit σ → ∞, we recover the N = 1 Maxwell non-vanishing components of the
invariant tensor,
〈JabJcd〉M = α0 (ηadηbc − ηacηbd) , (66)〈
JabZ˜cd
〉
M
= α2 (ηadηbc − ηacηbd) , (67)〈
Z˜abZ˜cd
〉
M
= α4 (ηadηbc − ηacηbd) , (68)
〈JabZcd〉M = α4 (ηadηbc − ηacηbd) , (69)
〈JabPc〉M = β2ǫabc , (70)〈
Z˜abPc
〉
M
=
〈
JabZ˜c
〉
M
= β4ǫabc , (71)
〈PaPb〉M = α4ηab , (72)
〈QαQβ〉M = 2 (β2 − α2)Cαβ , (73)
〈QαΣβ〉M = 2 (β4 − α4)Cαβ . (74)
Here, the generators now satisfy the (anti)commutation relations of a minimal Maxwell superalgebra
(see Appendix B for p = 1, q = 0). Then using the Maxwell connection one-form
A =
1
2
ωabJab +
1
2
k˜abZ˜ab +
1
2
kabZab +
1
l
eaPa +
1
l
h˜aZ˜a +
1√
l
ψαQα +
1√
l
ξαΣα .
and the non-vanishing components of the invariant tensor, we derive the three-dimensional CS
supergravity action for the N = 1 Maxwell superalgebra [22]:
I
(2+1)
M−CS = k
∫
M
[
α0
2
(
ωabdω
b
a +
2
3
ωacω
c
bω
b
a
)
+
β2
l
(
ǫabcR
abec + 2ψ¯Ψ
)
+ α2
(
Rabk˜
b
a −
2
l
ψ¯Ψ
)
+
β4
l
(
ǫabc
(
Rabh˜c +Dω k˜
abec
)
+ 2ξ¯Ψ+ 2ψ¯Ξ
)
+α4
(
Rabk
b
a +
1
l2
eaTa +Dωk˜
a
bk˜
b
a −
2
l
ξ¯Ψ− 2
l
ψ¯Ξ
)]
, (75)
where
Rab = dωab + ωacω
cb , T a = dea + ωace
c ,
Ψ = dψ +
1
4
ωabΓ
abψ ,
Ξ = dξ +
1
4
ωabΓ
abξ +
1
4
k˜abΓ
abψ +
1
2l
eaΓ
aψ .
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Thus, we reproduce the CS action presented in Ref. [22] using a different approach. Unlike
the non-standard Maxwell, the minimal Maxwell superalgebra allows to properly write a three-
dimensional CS supergravity action invariant under local Maxwell supersymmetry transformations
(up to boundary terms). However, as was shown at the algebraic level, this requires the intro-
duction of an additional Majorana spinor field ξ. The presence of a second spinorial generator was
already introduced in Refs. [70, 71] in the context of D = 11 supergravity and superstring theory,
respectively. Subsequently, the introduction of a second spinorial generator in the Maxwell sym-
metries was proposed in Ref. [61]. More recently, a family of Maxwell superalgebras was presented,
which generalize the superalgebra introduced by D ’Auria, Fre´ and Green and contains the minimal
Maxwell one [72, 73, 74].
Let us note that the bosonic term reproduces the CS action presented in Refs. [69, 75].
5 Ino¨nu¨-Wigner contraction and N -extended Supergravity
We now present the explicit derivation of the three-dimensional (p, q) Maxwell supergravity
action using our approach. In particular, we first show the explicit construction of the (2, 0) AdS-
Lorentz supergravity using the semigroup expansion method. The (2, 0) Maxwell supergravity
is then derived from the (2, 0) AdS-Lorentz superalgebra applying the IW contraction to both
generators and constants appearing in the invariant tensor.
5.1 N = 2 AdS-Lorentz Supergravity
A non-trivial N = 2 AdS-Lorentz superalgebra can be obtained as an S-expansion of the
osp (2|2)⊗ sp (2) superalgebra. In order to apply the S-expansion procedure, let us first consider a
decomposition of the original superalgebra
osp (2|2)⊗ sp (2) = V0 ⊕ V1 ⊕ V2 ,
where V0 corresponds to a subalgebra generated by the Lorentz generators J˜ab and by the internal
symmetry generator T˜ ij (with i = 1, 2), V1 corresponds to the fermionic subspace and V2 is gener-
ated by P˜a. In particular, the osp (2|2)⊗ sp (2) generators satisfy the following (anti)commutation
relations: [
J˜ab, J˜cd
]
= ηbcJ˜ad − ηacJ˜bd − ηbdJ˜ac + ηadJ˜bc , (76)[
T˜ ij, T˜ kl
]
= δjkT˜ il − δikT˜ jl − δjlT˜ ik + δilT˜ jk , (77)[
J˜ab, P˜c
]
= ηbcP˜a − ηacP˜b , (78)[
P˜a, P˜b
]
= J˜ab , (79)[
T˜ ij, Q˜kα
]
=
(
δjkQ˜iα − δikQ˜jα
)
, (80)
[
J˜ab, Q˜
i
α
]
= −1
2
(
ΓabQ˜
i
)
α
,
[
P˜a, Q˜
i
α
]
= −1
2
(
ΓaQ˜
i
)
α
, (81)
{
Q˜iα, Q˜
j
β
}
= −1
2
δij
[(
ΓabC
)
αβ
J˜ab − 2 (ΓaC)αβ P˜a
]
+ CαβT˜
ij . (82)
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The subspace structure satisfies
[V0, V0] ⊂ V0 , [V0, V1] ⊂ V1 , [V0, V2] ⊂ V2 , (83)
[V1, V1] ⊂ V0 ⊕ V2 , [V1, V2] ⊂ V1 , [V2, V2] ⊂ V0. (84)
Let us now consider S
(4)
M = {λ0, λ1, λ2, λ3, λ4} as the relevant abelian semigroup whose elements
satisfy the multiplication law
λαλβ =
{
λα+β, if α+ β ≤ 4
λα+β−4, if α+ β > 4
(85)
Let S
(4)
M = S0 ∪ S1 ∪ S2 be a subset decomposition with
S0 = {λ0, λ2, λ4} ,
S1 = {λ1, λ3} ,
S2 = {λ2, λ4} ,
where S0, S1 and S2 satisfy the resonance condition [compare with Eqs. (83)-(84)]
S0 · S0 ⊂ S0 , S1 · S1 ⊂ S0 ∩ S2 , (86)
S0 · S1 ⊂ S1 , S1 · S2 ⊂ S1 , (87)
S0 · S2 ⊂ S2 , S2 · S2 ⊂ S0 . (88)
Then according to Ref. [47],
GR =W0 ⊕W1 ⊕W2 ,
is a resonant subalgebra of S
(4)
M × osp (2|2) ⊗ sp (2) where
W0 = (S0 × V0) = {λ0, λ2, λ4} ×
{
J˜ab, T˜
ij
}
,
W1 = (S1 × V1) = {λ1, λ3} ×
{
Q˜iα
}
,
W2 = (S2 × V2) = {λ2, λ4} ×
{
P˜a
}
.
The expanded superalgebra corresponds to a (2, 0) AdS-Lorentz superalgebra and is generated by
the set of generators
{
Jab, Pa, Z˜ab, Z˜a, Zab, T
ij, Y˜ ij, Y ij, Qiα,Σ
i
α
}
which are related to the original
ones through
Jab = λ0J˜ab , Pa = λ2P˜a , Q
i
α = λ1Q˜
i
α ,
Z˜ab = λ2J˜ab , Z˜a = λ4P˜a , Σ
i
α = λ3Q˜
i
α ,
Zab = λ4J˜ab , T
ij = λ0T˜
ij , Y˜ ij = λ2T˜
ij ,
Y ij = λ4T˜
ij .
The explicit (anti)commutation relations can be derived using the multiplication law of the semi-
group and the original superalgebra (the N -extended AdS-Lorentz superalgebra can be found in
Appendix A).
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In order to construct the explicit supergravity action let us first derive the invariant tensor for
the (2, 0) AdS-Lorentz superalgebra. According to Theorem VII.2 of Ref. [47], it is possible to
show that the non-vanishing components of the invariant tensor for the N = 2 AdS-Lorentz are,
besides those given by eqs.(53)-(62),
〈
QiαQ
j
β
〉
=
〈
ΣiαΣ
j
β
〉
= α˜2
〈
Q˜iαQ˜
j
β
〉
= 2 (β2 − α2)Cαβ δij , (89)〈
QiαΣ
j
β
〉
= α˜4
〈
Q˜iαQ˜
j
β
〉
= 2 (β4 − α4)Cαβ δij , (90)〈
T ijT kl
〉
= α˜0
〈
T˜ ij T˜ kl
〉
= 2 (α0 − β0)
(
δilδkj − δikδlj
)
, (91)〈
T ijY˜ kl
〉
=
〈
Y˜ ijY kl
〉
= α˜2
〈
T˜ ijT˜ kl
〉
= 2 (α2 − β2)
(
δilδkj − δikδlj
)
, (92)〈
T ijY kl
〉
=
〈
Y˜ ijY˜ kl
〉
=
〈
Y ijY kl
〉
= α˜4
〈
T˜ ijT˜ kl
〉
= 2 (α4 − β4)
(
δilδkj − δikδlj
)
, (93)
where
{
J˜ab, P˜a, T˜
ij , Q˜iα
}
generate the osp (2|2)⊗ sp (2) superalgebra and where we have defined
α0 ≡ α˜0µ0 , α2 ≡ α˜2µ0 , α4 ≡ α˜4µ0 ,
β0 ≡ α˜0µ1 , β2 ≡ α˜2µ1 , β4 ≡ α˜4µ1 .
Here α˜0, α˜2, α˜4 are arbitrary constants as well as µ0 and µ1.To construct the CS supergravity action
we require, in addition to the invariant tensor, the gauge connection one-form:
A =
1
2
ωabJab +
1
2
k˜abZ˜ab +
1
2
kabZab +
1
l
eaPa +
1
l
h˜aZ˜a
+
1
2
AijTij +
1
2
B˜ijY˜ij +
1
2
BijYij +
1√
l
ψ¯iQ
i +
1√
l
ξ¯iΣ
i . (94)
The associate curvature two-form F = dA+AA is given by
F =
1
2
RabJab +
1
2
F˜ abZ˜ab +
1
2
F abZab +
1
l
F aPa +
1
l
H˜aZ˜a
+
1
2
F ijTij +
1
2
G˜ij Y˜ij +
1
2
GijYij +
1√
l
Ψ¯iQ
i +
1√
l
Ξ¯iΣ
i , (95)
where
Rab = dωab + ωacω
cb ,
F a = dea + ωabe
b + kabe
b + k˜abh˜
b − 1
2
ψ¯iΓaψi − 1
2
ξ¯iΓaξi ,
H˜a = dh˜a + ωabh˜
b + k˜abe
b + kabh˜
b − ψ¯iΓaξi ,
F˜ ab = dk˜ab + ωack˜
cb − ωbck˜ca + kack˜cb − kbck˜ca +
2
l2
eah˜b +
1
2l
ψ¯iΓabψi +
1
2l
ξ¯iΓabξi ,
F ab = dkab + ωack
cb − ωbckca + k˜ack˜cb + kackcb +
1
l2
eaeb +
1
l2
h˜ah˜b +
1
l
ξ¯iΓabψi ,
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F ij = dAij +AikAkj ,
G˜ij = dB˜ij +AikB˜kj + B˜ikAkj + B˜ikBkj +BikB˜kj + ψ¯iψj + ξ¯iξj,
Gij = dBij +AikBkj +BikAkj + B˜ikB˜kj +BikBkj + 2ψ¯iξj ,
Ψi = dψi +
1
4
ωabΓ
abψi +
1
4
kabΓ
abψi +
1
4
k˜abΓ
abξi +
1
2l
eaΓ
aξi +
1
2l
h˜aΓ
aψi
+Aijψj +Bijψj + B˜ijξj ,
Ξi = dξi +
1
4
ωabΓ
abξi +
1
4
kabΓ
abξi +
1
4
k˜abΓ
abψi +
1
2l
eaΓ
aψi +
1
2l
h˜aΓ
aξi
+Aijξj +Bijξj + B˜ijψj .
Then considering the connection one-form (94) and the non-vanishing components of the invariant
tensor ((53)-(62) and (89)-(93)) in the general three-dimensional CS expression, we find the (2, 0)
AdS-Lorentz CS action supergravity up to a surface term:
I
(2+1)
CS = k
∫
α0
2
(
ωabdω
b
a +
2
3
ωacω
c
bω
b
a
)
+ (α0 − β0)
(
AijdAji +
2
3
AikAkjAji
)
+
β2
l
ǫabc
(
Rabec +
1
3l2
eaebec +Kabec + K˜abh˜c +
1
l2
h˜ah˜be
)
+(α2 − β2)
[
B˜ij
(
dAji +AjkAki
)
+ B˜ij
(
dBji +AjkBki +BjkAki + B˜jkB˜ki +BjkBki
)
+
(
Aij +Bij
) (
dB˜ji +AjkB˜ki + B˜jkAki + B˜jkBki +BjkB˜ki
)
− 2
l
ψ¯iΨi − 2
l
ξ¯iΞi
]
+α2
[
Rabk˜
b
a +K
a
bk˜
b
a + K˜
a
bk
b
a +
1
l2
eaHa +
1
l2
h˜aKa
]
+
β4
l
ǫabc
(
Rabh˜c +
1
3l2
h˜ah˜bh˜c + K˜abec +Kabh˜c +
1
l2
eaebh˜c
)
+(α4 − β4)
[
B˜ij
(
dB˜ji +AjkB˜ki + B˜jkAki + B˜jkBki +BjkB˜ki
)
+Bij
(
dAji +AjkAki
)
+
(
Aij +Bij
) (
dBji +AjkBki +BjkAki + B˜jkB˜ki +BjkBki
)
− 2
l
ξ¯iΨi − 2
l
ψ¯iΞi
]
+α4
[
Rabk
b
a +K
a
bk
b
a + K˜
a
bk˜
b
a +
1
l2
eaKa +
1
l2
h˜aHa
]
, (96)
where Ψi and Ξi are the fermionic components of the curvature two form and
Kab = Dkab + kadk
d
b + k˜
a
dk˜
d
b , K˜
ab = Dk˜ab + kadk˜
d
b + k
d
b k˜
a
d ,
Ha = Dh˜a + kabh˜
b + k˜abe
b , Ka = T a + kabe
b + k˜abh˜
b ,
As in the N = 1 case, the (2, 0) Maxwell supergravity cannot be trivially obtained considering the
rescaling of the fields in (96) and applying some limit.
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5.2 N = 2 Maxwell Supergravity
As the osp (2|2) ⊗ sp (2) superalgebra has its (2, 0) Poincare´ limit, the (2, 0) AdS-Lorentz su-
peralgebra possesses its proper IW contracted superalgebra. Indeed, after rescaling the generators
Z˜ab → σ2Z˜ab , Zab → σ4Zab , Pa → σ2Pa , Jab → Jab ,
Z˜a → σ4Z˜a , Qiα → σQiα , Σi → σ3Σi , Y ij → σ4Y ij ,
Y˜ ij → σ2Y˜ ij , T ij → T ij ,
and applying the limit σ →∞, we obtain theN = 2Maxwell superalgebra whose (anti)commutation
relations can be found in Refs. [72, 73] (see Appendix B for p = 2, q = 0).
As in the previous case, the CS supergravity action for the (2, 0) Maxwell supergroup can be
derived combining the IW contraction with the S-expanded invariant tensor. Indeed, it is necessary
to extend the rescaling of the generators to the α and β constants appearing in the non-vanishing
components of the invariant tensor of the (2, 0) AdS-Lorentz superalgebra. A rescaling which
preserves the curvatures structure is given by
α4 → σ4α4 , α2 → σ2α2 , α0 → α0 ,
β4 → σ4β4 , β2 → σ2β2 , β0 → β0 .
Then, considering the rescaling of both constants and generators, and applying the limit σ → ∞,
we obtain the (2, 0) Maxwell non-vanishing components of the invariant tensor,
〈JabJcd〉M = α0 (ηadηbc − ηacηbd) , (97)〈
JabZ˜cd
〉
M
= α2 (ηadηbc − ηacηbd) , (98)〈
Z˜abZ˜cd
〉
M
= 〈JabZcd〉 = α4 (ηadηbc − ηacηbd) , (99)
〈JabPc〉M = β2ǫabc , (100)〈
Z˜abPc
〉
M
=
〈
JabZ˜c
〉
M
= β4ǫabc , (101)
〈PaPb〉M = α4ηab , (102)
〈
QiαQ
j
β
〉
M
= 2 (β2 − α2)Cαβ δij , (103)〈
QiαΣ
j
β
〉
M
= 2 (β4 − α4)Cαβ δij , (104)〈
T ijT kl
〉
M
= 2 (α0 − β0)
(
δilδkj − δikδlj
)
, (105)〈
T ij Y˜ kl
〉
M
= 2 (α2 − β2)
(
δilδkj − δikδlj
)
, (106)〈
T ijY kl
〉
M
=
〈
Y˜ ij Y˜ kl
〉
M
= 2 (α4 − β4)
(
δilδkj − δikδlj
)
, (107)
where α0, α2, α4, β2 and β4 are arbitrary constants and the generators now satisfy the (2, 0) Maxwell
(anti)commutation relations. In order to write down a CS action we require the gauge connection
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one-form given by
A =
1
2
ωabJab +
1
2
k˜abZ˜ab +
1
2
kabZab +
1
l
eaPa +
1
l
h˜aZ˜a
+
1
2
AijTij +
1
2
B˜ijY˜ij +
1
2
BijYij +
1√
l
ψ¯iQ
i +
1√
l
ξ¯iΣ
i . (108)
Considering the non-vanishing components of the invariant tensor, the CS action for the N = 2
Maxwell superalgebra reduces to
I
(2+1)
M−CS = k
∫
α0
2
(
ωabdω
b
a +
2
3
ωacω
c
bω
b
a
)
+ (α0 − β0)
(
AijdAji +
2
3
AikAkjAji
)
+
β2
l
ǫabcR
abec + α2R
a
bk˜
b
a
+(α2 − β2)
[
B˜ij
(
dAji +AjkAki
)
+Aij
(
dB˜ji +AjkB˜ki + B˜jkAki
)
− 2
l
ψ¯iΨi
]
+
β4
l
ǫabc
(
Rabh˜c +Dωk˜
abec
)
+(α4 − β4)
[
B˜ij
(
dB˜ji +AjkB˜ki + B˜jkAki
)
+Bij
(
dAji +AjkAki
)
+
(
Aij
) (
dBji +AjkBki +BjkAki + B˜jkB˜ki
)
− 2
l
ξ¯iΨi − 2
l
ψ¯iΞi
]
+α4
[
Rabk
b
a +Dωk˜
a
bk˜
b
a +
1
l2
eaTa
]
, (109)
where
Ψi = dψi +
1
4
ωabΓ
abψi +Aijψj ,
Ξi = dξi +
1
4
ωabΓ
abξi +
1
4
k˜abΓ
abψi +
1
2l
eaΓ
aψi +Aijξj + B˜ijψj .
This CS supergravity action is invariant up to boundary terms under the local gauge transforma-
tions of the N = 2 Maxwell supergroup. In particular, under the supersymmetric transformations,
the fields transform as
δωab = 0 , δea = ǫ¯iΓaψi, (110)
δk˜ab = −1
l
ǫ¯iΓabψi, (111)
δkab = −1
l
¯̺iΓabψi − 1
l
ǫ¯iΓabξi, (112)
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δh˜a = ¯̺iΓaψi + ǫ¯iΓaξi , (113)
δAij = 0 , (114)
δB˜ij = −2
l
ψ¯[i ǫ j] , (115)
δBij = −2
l
ψ¯[i̺ j] , (116)
δψi = dǫi +
1
4
ωabΓabǫ
i +Aijǫj , (117)
δξi = d̺i +
1
4
ωabΓab̺
i +
1
2l
eaΓaǫ
i +
1
4
k˜abΓabǫ
i (118)
+Aij̺j + B˜ijǫj , (119)
where the ǫi and ̺i parameters are related to the Qi and Σi generators, respectively.
We remark that the generalized cosmological constant term appearing in the (2, 0) AdS-Lorentz
supergravity model is no longer present after the IW contraction. This is analogous to the Poincare´
limit from the AdS one. However, unlike the Poincare´ supergravity theory, the internal symmetry
fields appear explicitly in the exotic Lagrangian. Additionally, the spinorial fields contribute to the
exotic like part.
5.3 (p, q) AdS-Lorentz Supergravity and the Maxwell limit
In this section we present the three-dimensional N = p+ q extended AdS-Lorentz Supergravity
and its Maxwell limit applying the IW contraction not only at the generators level but also to the
constants appearing in the invariant tensor. To this purpose we expand the three-dimensional (p, q)
exotic supergravity theory [11], in order to obtain the local AdS-Lorentz supersymmetric extension.
In particular, we generalize the Poincare´ limit showed in section 2 to the Maxwell limit.
The (p, q) AdS-Lorentz superalgebra can be obtained as an S-expansion of the osp (2|p) ⊗
osp (2|q) superalgebra. Indeed, considering S(4)M = {λ0, λ1, λ2, λ3, λ4} as the relevant semigroup
whose elements satisfy
λαλβ =
{
λα+β, if α+ β ≤ 4
λα+β−4, if α+ β > 4
and considering the resonant condition (see N = 2 case), we obtain a new superlagebra generated
by
{
Jab, Pa, Z˜ab, Z˜a, Zab, T
ij , Y˜ ij , Y ij , T IJ , Y˜ IJ , Y IJ , Qiα,Σ
i
α, Q
I
α,Σ
J
α
}
whose generators satisfy the
(p, q) AdS-Lorentz superalgebra. In particular, besides satisfying the (anti)commutation relations
appearing in Appendix A, the I-index generators satisfy
[
T IJ , TKL
]
= δJKT IL − δIKT JL − δJLT IK + δILT JK , (120)[
T IJ , Y˜ KL
]
= δJK Y˜ IL − δIK Y˜ JL − δJLY˜ IK + δILY˜ JK , (121)[
T IJ , Y KL
]
= δJKY IL − δIKY JL − δJLY IK + δILY JK , (122)[
Y˜ IJ , Y˜ KL
]
= δJKY IL − δIKY JL − δJLY IK + δILY JK , (123)[
Y˜ IJ , Y KL
]
= δJK Y˜ IL − δIK Y˜ JL − δJLY˜ IK + δILY˜ JK , (124)[
Y IJ , Y KL
]
= δJKY IL − δIKY JL − δJLY IK + δILY JK , (125)
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[
Jab, Q
I
α
]
= −1
2
(
ΓabQ
I
)
α
,
[
Pa, Q
I
α
]
=
1
2
(
ΓaΣ
I
)
α
, (126)
[
Z˜ab, Q
I
α
]
= −1
2
(
ΓabΣ
I
)
α
,
[
Z˜a, Q
I
α
]
=
1
2
(
ΓaQ
I
)
α
, (127)
[
Zab, Q
I
α
]
= −1
2
(
ΓabQ
I
)
α
,
[
Pa,Σ
I
α
]
=
1
2
(
ΓaQ
I
)
α
, (128)
[
Jab,Σ
I
α
]
= −1
2
(
ΓabΣ
I
)
α
,
[
Z˜a,Σ
I
α
]
=
1
2
(
ΓaΣ
I
)
α
, (129)
[
Z˜ab,Σ
I
α
]
= −1
2
(
ΓabQ
I
)
α
,
[
Zab,Σ
I
α
]
= −1
2
(
ΓabΣ
I
)
α
, (130)
[
T IJ , QKα
]
= (δJKQIα − δIKQJα) ,
[
Y˜ IJ , QKα
]
= (δJKΣIα − δIKΣJα) , (131)
[
Y IJ , QKα
]
= (δJKQIα − δIKQJα) ,
[
T IJ ,ΣKα
]
= (δJKΣIα − δIKΣJα) , (132)[
Y˜ IJ ,ΣKα
]
= (δJKQIα − δIKQJα) ,
[
Y IJ ,ΣKα
]
= (δJKΣIα − δIKΣJα) , (133)
{
QIα, Q
J
β
}
=
1
2
δIJ
[(
ΓabC
)
αβ
Z˜ab + 2 (Γ
aC)αβ Pa
]
− Cαβ Y˜ IJ , (134)
{
QIα,Σ
J
β
}
=
1
2
δIJ
[(
ΓabC
)
αβ
Zab + 2 (Γ
aC)αβ Z˜a
]
− CαβY IJ , (135)
{
ΣIα,Σ
J
β
}
=
1
2
δIJ
[(
ΓabC
)
αβ
Z˜ab + 2 (Γ
aC)αβ Pa
]
− Cαβ Y˜ IJ . (136)
Here, the T ij, Y˜ ij, Y ij, T IJ , Y˜ IJ and Y IJ generators correspond to internal symmetry generators
with i = 1, . . . , p and I = 1, . . . , q.
Using Theorem VII.2 of Ref. [47], it is possible to show that the non-vanishing components of
the invariant tensor for the N = p+ q AdS-Lorentz are, besides those given by Eqs.(53)-(62),〈
QiαQ
j
β
〉
=
〈
ΣiαΣ
j
β
〉
= α˜2
〈
Q˜iαQ˜
j
β
〉
= 2 (β2 − α2)Cαβ δij , (137)〈
QIαQ
J
β
〉
=
〈
ΣIαΣ
J
β
〉
= α˜2
〈
Q˜IαQ˜
J
β
〉
= 2 (β2 + α2)Cαβ δ
IJ , (138)〈
QiαΣ
j
β
〉
= α˜4
〈
Q˜iαQ˜
j
β
〉
= 2 (β4 − α4)Cαβ δij , (139)〈
QIαΣ
J
β
〉
= α˜4
〈
Q˜IαQ˜
J
β
〉
= 2 (β4 + α4)Cαβ δ
IJ , (140)
〈
T ijT kl
〉
= α˜0
〈
T˜ ijT˜ kl
〉
= 2 (α0 − β0)
(
δilδkj − δikδlj
)
, (141)
〈
T IJTKL
〉
= α˜0
〈
T˜ IJ T˜KL
〉
= 2 (α0 + β0)
(
δILδKJ − δIKδLJ) , (142)〈
T ij Y˜ kl
〉
=
〈
Y˜ ijY kl
〉
= α˜2
〈
T˜ ijT˜ kl
〉
= 2 (α2 − β2)
(
δilδkj − δikδlj
)
, (143)〈
T IJ Y˜ KL
〉
=
〈
Y˜ IJY KL
〉
= α˜2
〈
T˜ IJ T˜KL
〉
= 2 (α2 + β2)
(
δILδKJ − δIKδLJ) , (144)〈
T ijY kl
〉
=
〈
Y˜ ijY˜ kl
〉
=
〈
Y ijY kl
〉
= α˜4
〈
T˜ ij T˜ kl
〉
= 2 (α4 − β4)
(
δilδkj − δikδlj
)
, (145)
〈
T IJY KL
〉
=
〈
Y˜ IJ Y˜ KL
〉
=
〈
Y IJY KL
〉
= α˜4
〈
T˜ IJ T˜KL
〉
= 2 (α4 + β4)
(
δILδKJ − δIKδLJ) ,(146)
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where
{
J˜ab, P˜a, T˜
ij, T˜ IJ , Q˜iα, Q˜
I
α
}
correspond to the original osp (2|p) ⊗ osp (2|q) generators and
where we have defined
α0 ≡ α˜0µ0 , α2 ≡ α˜2µ0 , α4 ≡ α˜4µ0 ,
β0 ≡ α˜0µ1 , β2 ≡ α˜2µ1 , β4 ≡ α˜4µ1 .
Here α˜0, α˜2, α˜4 are arbitrary constants as µ0 and µ1. Let us now consider the gauge connection
one-form of this extended superalgebra:
A =
1
2
ωabJab +
1
2
k˜abZ˜ab +
1
2
kabZab +
1
l
eaPa +
1
l
h˜aZ˜a
+
1
2
AijTij +
1
2
AIJTIJ +
1
2
B˜ijY˜ij +
1
2
B˜IJ Y˜IJ +
1
2
BijYij +
1
2
BIJYIJ
+
1√
l
ψ¯iQ
i +
1√
l
ψ¯IQ
I +
1√
l
ξ¯iΣ
i +
1√
l
ξ¯IΣ
I . (147)
The curvature two-form F = dA+AA is given by
F =
1
2
RabJab +
1
2
F˜ abZ˜ab +
1
2
F abZab +
1
l
F aPa +
1
l
H˜aZ˜a
+
1
2
F ijTij +
1
2
F IJTIJ +
1
2
G˜ij Y˜ij +
1
2
G˜IJ Y˜IJ +
1
2
GijYij +
1
2
GIJYIJ
+
1√
l
Ψ¯iQ
i +
1√
l
Ψ¯IQ
I +
1√
l
Ξ¯iΣ
i +
1√
l
Ξ¯IΣ
I , (148)
where
F a =Dωe
a + kabe
b + k˜abh˜
b − 1
2
ψ¯iΓaψi − 1
2
ξ¯iΓaξi − 1
2
ψ¯IΓaψI − 1
2
ξ¯IΓaξI ,
H˜a =Dωh˜
a + k˜abe
b + kabh˜
b − ψ¯iΓaξi − ψ¯IΓaξI ,
F˜ ab =Dωk˜
ab + kack˜
cb − kbck˜ca +
2
l2
eah˜b +
1
2l
ψ¯iΓabψi − 1
2l
ψ¯IΓabψI
+
1
2l
ξ¯iΓabξi − 1
2l
ξ¯IΓabξI ,
F ab =Dωk
ab + k˜ack˜
cb + kack
cb +
1
l2
eaeb +
1
l2
h˜ah˜b +
1
l
ξ¯iΓabψi − 1
l
ξ¯IΓabψI ,
F IJ =dAIJ +AIKAKJ ,
G˜IJ =dB˜IJ +AIKB˜KJ + B˜IKAKJ + B˜IKBKJ +BIKB˜KJ − ψ¯IψJ − ξ¯IξJ ,
GIJ =dBIJ +AIKBKJ +BIKAKJ + B˜IKB˜KJ +BIKBKJ − 2ψ¯IξJ ,
ΨI =Dωψ
I +
1
4
kabΓ
abψI +
1
4
k˜abΓ
abξI − 1
2l
eaΓ
aξI − 1
2l
h˜aΓ
aψI
+AIJψJ +BIJψJ + B˜IJξJ ,
ΞI =Dωξ
I +
1
4
kabΓ
abξI +
1
4
k˜abΓ
abψI − 1
2l
eaΓ
aψI − 1
2l
h˜aΓ
aξI
+AIJξJ +BIJξJ + B˜IJψJ ,
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and Rab, F ij , G˜ij , Gij ,Ψi and Σi are defined as in the N = 2 case (see Eq. (95)).
Considering the connection one-form (147) and the non-vanishing components of the invariant
tensor ((53)-(62) and (137)-(146)) in the general three-dimensional CS expression, we find the CS
action of N = p+ q AdS-Lorentz supergravity up to a surface term:
I
(2+1)
CS = k
∫
α0
2
(
ωabdω
b
a +
2
3
ωacω
c
bω
b
a
)
+ (α0 − β0)AijF ji (A) + (α0 + β0)AIJF JI (A)
+
β2
l
ǫabc
(
Rabec +
1
3l2
eaebec +Kabec + K˜abh˜c +
1
l2
h˜ah˜be
)
+(α2 − β2)
[
B˜ijF ji (A) + B˜ijF ji (B) +
(
Aij +Bij
)
F ji
(
B˜
)]
+(α2 + β2)
[
B˜IJF JI (A) + B˜IJF JI (B) +
(
AIJ +BIJ
)
F JI
(
B˜
)]
+2 (β2 − α2)
[
1
l
ψ¯iΨi +
1
l
ξ¯iΞi
]
+ 2 (β2 + α2)
[
1
l
ψ¯IΨI +
1
l
ξ¯IΞI
]
+α2
[
Rabk˜
b
a +K
a
bk˜
b
a + K˜
a
bk
b
a +
1
l2
eaHa +
1
l2
h˜aKa
]
+
β4
l
ǫabc
(
Rabh˜c +
1
3l2
h˜ah˜bh˜c + K˜abec +Kabh˜c +
1
l2
eaebh˜c
)
+(α4 − β4)
[
B˜ijF ji
(
B˜
)
+BijF ji (A) +
(
Aij +Bij
)
F ji (B)
]
+(α4 + β4)
[
B˜IJF JI
(
B˜
)
+BIJF JI (A) +
(
AIJ +BIJ
)
F JI (B)
]
+2 (β4 − α4)
[
1
l
ξ¯iΨi +
1
l
ψ¯iΞi
]
+ 2 (β4 + α4)
[
1
l
ξ¯IΨI +
1
l
ψ¯IΞI
]
+α4
[
Rabk
b
a +K
a
bk
b
a + K˜
a
bk˜
b
a +
1
l2
eaKa +
1
l2
h˜aHa
]
, (149)
where Ψi, ΨI , Ξi and ΞI are the fermionic components of the curvature two form and
F ij (A) = dAij +AikAkj, F IJ (A) = dAIJ +AIKAKJ ,
F ij
(
B˜
)
= dB˜ij +AikB˜kj + B˜ikAkj + B˜ikBkj +BikB˜kj ,
F IJ
(
B˜
)
= dB˜IJ +AIKB˜KJ + B˜IKAKJ + B˜IKBKJ +BIKB˜KJ ,
F ij (B) = dBij +AikBkj +BikAkj + B˜ikB˜kj +BikBkj ,
F IJ (B) = dBIJ +AIKBKJ +BIKAKJ + B˜IKB˜KJ +BIKBKJ ,
Kab = Dkab + kadk
d
b + k˜
a
dk˜
d
b , K˜
ab = Dk˜ab + kadk˜
d
b + k
d
b k˜
a
d ,
Ha = Dh˜a + kabh˜
b + k˜abe
b , Ka = T a + kabe
b + k˜abh˜
b .
As the (2, 0) AdS-Lorentz superalgebra has its (2, 0) Maxwell limit, the IW contraction of the
(p, q) AdS-Lorentz superalgebra leads to the (p, q) Maxwell superalgebra. Indeed, by rescaling the
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AdS-Lorentz generators as
Z˜ab → σ2Z˜ab , Zab → σ4Zab , Pa → σ2Pa , Jab → Jab ,
Z˜a → σ4Z˜a , Qiα → σQiα , QIα → σQIα , Σi → σ3Σi ,
ΣI → σ3ΣI , Y ij → σ4Y ij , Y IJ → σ4Y IJ ,
Y˜ ij → σ2Y˜ ij , Y˜ IJ → σ2Y˜ IJ , T ij → T ij , T IJ → T IJ ,
and applying the limit σ → ∞, we obtain the N = p + q Maxwell superalgebra whose explicit
(anti)commutation relations can be found in Appendix B. Extending the rescaling of the generators
to the α and β constants appearing in the invariant tensor of the (p, q) AdS-Lorentz superalgebra
as
α4 → σ4α4 , α2 → σ2α2 , α0 → α0 ,
β4 → σ4β4 , β2 → σ2α1 , β0 → β0 , (150)
and considering the limit σ →∞, we obtain the non-vanishing components of the invariant tensor
for the (p, q) Maxwell superalgebra:
〈JabJcd〉M = α0 (ηadηbc − ηacηbd) , (151)〈
JabZ˜cd
〉
M
= α2 (ηadηbc − ηacηbd) , (152)〈
Z˜abZ˜cd
〉
M
= 〈JabZcd〉 = α4 (ηadηbc − ηacηbd) , (153)
〈JabPc〉M = β2ǫabc , 〈PaPb〉M = α4ηab , (154)〈
Z˜abPc
〉
M
=
〈
JabZ˜c
〉
M
= β4ǫabc , (155)
〈
QiαQ
j
β
〉
M
= 2 (β2 − α2)Cαβ δij ,
〈
QIαQ
J
β
〉
M
= 2 (β2 + α2)Cαβ δ
IJ , (156)〈
QiαΣ
j
β
〉
M
= 2 (β4 − α4)Cαβ δij ,
〈
QIαΣ
J
β
〉
M
= 2 (β4 + α4)Cαβ δ
IJ , (157)
〈
T ijT kl
〉
M
= 2 (α0 − β0)
(
δilδkj − δikδlj
)
, (158)〈
T IJTKL
〉
M
= 2 (α0 + β0)
(
δILδKJ − δIKδLJ) , (159)〈
T ijY˜ kl
〉
M
= 2 (α2 − β2)
(
δilδkj − δikδlj
)
, (160)〈
T IJ Y˜ KL
〉
M
= 2 (α2 + β2)
(
δILδKJ − δIKδLJ) , (161)〈
T ijY kl
〉
M
=
〈
Y˜ ijY˜ kl
〉
M
= 2 (α4 − β4)
(
δilδkj − δikδlj
)
, (162)
〈
T IJY KL
〉
M
=
〈
Y˜ IJ Y˜ KL
〉
M
= 2 (α4 + β4)
(
δILδKJ − δIKδLJ) . (163)
Let us note that the generators appearing in the invariant tensor 〈. . . 〉M satisfy the (p, q) Maxwell
superalgebra. Additionally, the rescaling of the constants considered here preserves the curvatures
structure.
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Then, the three-dimensional (p, q) Maxwell supergravity CS action can be derived considering
the (p, q) Maxwell connection one-form (analogous to Eq. (147)) and the non-vanishing components
of the invariant tensor (151-163):
I
(2+1)
M−CS = k
∫
α0
2
(
ωabdω
b
a +
2
3
ωacω
c
bω
b
a
)
+
β2
l
ǫabcR
abec
+(α0 − β0)AijF ji (A) + (α0 + β0)AIJF JI (A)
+ (α2 − β2)
[
B˜ijF ji (A) +AijF ji
(
B˜
)]
+ (α2 + β2)
[
B˜IJF JI (A) +AIJF JI
(
B˜
)]
+2 (β2 − α2) 1
l
ψ¯iΨi + 2 (β2 + α2)
1
l
ψ¯IΨI
+α2R
a
bk˜
b
a +
β4
l
ǫabc
(
Rabh˜c +Dω k˜
abec
)
+(α4 − β4)
[
B˜ijF ji
(
B˜
)
+BijF ji (A) +AijF ji (B)
]
+(α4 + β4)
[
B˜IJF JI
(
B˜
)
+BIJF JI (A) +AIJF JI (B)
]
+2 (β4 − α4)
[
1
l
ξ¯iΨi +
1
l
ψ¯iΞi
]
+ 2 (β4 + α4)
[
1
l
ξ¯IΨI +
1
l
ψ¯IΞI
]
+α4
[
Rabk
b
a +Dω k˜
a
bk˜
b
a +
1
l2
eaTa
]
, (164)
where Ψi, ΨI , Ξi and ΞI are the fermionic components of the (p, q) Maxwell curvature two form,
given by
Ψi = dψi +
1
4
ωabΓ
abψi +Aijψj ,
ΨI = dψI +
1
4
ωabΓ
abψI +AIJψJ ,
Ξi = dξi +
1
4
ωabΓ
abξi +
1
4
k˜abΓ
abψi +
1
2l
eaΓ
aψi +Aijξj + B˜ijψj ,
ΞI = dξI +
1
4
ωabΓ
abξI +
1
4
k˜abΓ
abψI − 1
2l
eaΓ
aψI +AIJξJ + B˜IJψJ ,
and
F ij (A) = dAij +AikAkj, F IJ (A) = dAIJ +AIKAKJ ,
F ij
(
B˜
)
= dB˜ij +AikB˜kj + B˜ikAkj ,
F IJ
(
B˜
)
= dB˜IJ +AIKB˜KJ + B˜IKAKJ ,
F ij (B) = dBij +AikBkj +BikAkj + B˜ikB˜kj,
F IJ (B) = dBIJ +AIKBKJ +BIKAKJ + B˜IKB˜KJ .
One can note that the (p, q) Maxwell supergravity action can be obtained directly from the AdS-
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Lorentz one considering the rescaling of the constant (given by Eq. (150) ) and the gauge fields
ωab → ωab , k˜ab → σ−2k˜ab , kab → σ−4kab , ea → σ−2ea , h˜a → σ−4h˜a ,
ψi → σ−1ψi , ψI → σ−1ψI , ξi → σ−3ξi , ξI → σ−3ξI , Aij → Aij ,
AIJ → AIJ , B˜ij → σ−2B˜ij , B˜IJ → σ−2B˜IJ , Bij → σ−4Bij , BIJ → σ−4BIJ ,
and then the limit σ → ∞. Thus the procedure presented here assures the explicit Maxwell limit
considering the rescaling not only of the fields but also of the constants appearing in the invariant
tensor. Naturally, the Poincare´ limit approach presented in Ref. [9] could be applied here, but it
would require the introduction of additional gauge fields. This would lead not only to new Maxwell
supergravity theories but also to new AdS-Lorentz ones.
6 Conclusion
We have presented a generalization of the standard Ino¨nu¨-Wigner contraction combining the
rescaling of the generators and the constants appearing in the invariant tensor of a Lie superalgebra.
The procedure considered here allows not only to obtain the invariant tensor of a contracted
superalgebra but also to construct the contracted supergravity action.
In particular, we have shown that the Poincare´ limit can be applied to a (p, q) AdS supergravity
in presence of the exotic Lagrangian without introducing an so (p) ⊕ so (q) extension. Naturally,
the internal symmetries generators of the AdS superalgebra behave as central charges after the
contraction and do not contribute explicitly in the construction of the Poincare´ action. Additionally,
no gravitino fields contribute to the exotic form. It is important to point out that the standard IW
contraction does not allow to apply the Poincare´ limit to the (p, q) AdS supergravity in presence
of the Pontryagin-Chern-Simons form.
We have also applied our generalized IW scheme to expanded superalgebras. We have con-
structed a new class of D = 2 + 1 (p, q) Maxwell supergravity theories as a particular limit of an
AdS-Lorentz supergravity model. The results presented here show an explicit relation between
contraction and expansion. Besides, we have shown that the fermionic and the internal symmetries
fields contribute to the exotic CS form. Nevertheless, we have clarified that a supergravity with
Maxwell supersymmetry requires the introduction of an additional spinorial field ξ.
The procedure considered here could be useful in higher-dimensional supergravity models in
order to derive non trivial Chern-Simons supergravity theories (work in progress). It would be
interesting to explore the expansion and contraction method in the context of infinite dimensional
algebras and hypergravity.
It would be also interesting to extend our study of the Maxwell supergravities to black hole
solutions. It is of particular interest to study black hole solutions with torsion for their thermody-
namical properties [76, 77, 78]. In particular, one could explore the possibility of finding Maxwell
”exotic” BTZ type black holes.
7 Acknowledgment
This work was supported by the Newton-Picarte CONICYT Grant No. DPI20140053. (P.K.C.
and E.K.R.) and by the Conicyt - PAI grant No. 79150061 (P.K.C.).
26
A Appendix
The N -extended AdS-Lorentz superalgebra is generated by the set of generators
{
Jab, Pa, Z˜ab, Z˜a, Zab, T
ij, Y˜ ij, Y ij, Qiα,Σ
i
α
}
(with i = 1, . . . ,N ; α = 1, . . . , 4) whose generators satisfy the (anti)-commutation relations:
[Jab, Jcd] = ηbcJad − ηacJbd − ηbdJac + ηadJbc , (165)
[Zab, Zcd] = ηbcZad − ηacZbd − ηbdZac + ηadZbc , (166)
[Jab, Zcd] = ηbcZad − ηacZbd − ηbdZac + ηadZbc , (167)[
Jab, Z˜cd
]
= ηbcZ˜ad − ηacZ˜bd − ηbdZ˜ac + ηadZ˜bc , (168)[
Z˜ab, Z˜cd
]
= ηbcZad − ηacZbd − ηbdZac + ηadZbc , (169)[
Z˜ab, Zcd
]
= ηbcZ˜ad − ηacZ˜bd − ηbdZ˜ac + ηadZ˜bc , (170)
[Jab, Pc] = ηbcPa − ηacPb , [Zab, Pc] = ηbcPa − ηacPb , (171)[
Z˜ab, Pc
]
= ηbcZ˜a − ηacZ˜b ,
[
Jab, Z˜c
]
= ηbcZ˜a − ηacZ˜b , (172)[
Z˜ab, Z˜c
]
= ηbcPa − ηacPb ,
[
Zab, Z˜c
]
= ηbcZ˜a − ηacZ˜b , (173)
[Pa, Pb] = Zab ,
[
Z˜a, Pb
]
= Z˜ab ,
[
Z˜a, Z˜b
]
= Zab , (174)
[
T ij , T kl
]
= δjkT il − δikT jl − δjlT ik + δilT jk , (175)[
T ij, Y kl
]
= δjkY il − δikY jl − δjlY ik + δilY jk , (176)[
T ij, Y˜ kl
]
= δjkY˜ il − δikY˜ jl − δjlY˜ ik + δilY˜ jk , (177)[
Y˜ ij, Y˜ kl
]
= δjkY il − δikY jl − δjlY ik + δilY jk , (178)[
Y˜ ij, Y kl
]
= δjkY˜ il − δikY˜ jl − δjlY˜ ik + δilY˜ jk , (179)[
Y ij, Y kl
]
= δjkY il − δikY jl − δjlY ik + δilY jk , (180)
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[
Jab, Q
i
α
]
= −1
2
(
ΓabQ
i
)
α
,
[
Pa, Q
i
α
]
= −1
2
(
ΓaΣ
i
)
α
, (181)
[
Z˜ab, Q
i
α
]
= −1
2
(
ΓabΣ
i
)
α
,
[
Z˜a, Q
i
α
]
= −1
2
(
ΓaQ
i
)
α
, (182)
[
Zab, Q
i
α
]
= −1
2
(
ΓabQ
i
)
α
,
[
Pa,Σ
i
α
]
= −1
2
(
ΓaQ
i
)
α
, (183)
[
Jab,Σ
i
α
]
= −1
2
(
ΓabΣ
i
)
α
,
[
Z˜a,Σ
i
α
]
= −1
2
(
ΓaΣ
i
)
α
, (184)
[
Z˜ab,Σ
i
α
]
= −1
2
(
ΓabQ
i
)
α
,
[
Zab,Σ
i
α
]
= −1
2
(
ΓabΣ
i
)
α
, (185)[
T ij, Qkα
]
= (δjkQiα − δikQjα) ,
[
Y˜ ij, Qkα
]
= (δjkΣiα − δikΣjα) , (186)[
Y ij, Qkα
]
= (δjkQiα − δikQjα) ,
[
T ij,Σkα
]
= (δjkΣiα − δikΣjα) , (187)[
Y˜ ij ,Σkα
]
= (δjkQiα − δikQjα) ,
[
Y ij,Σkα
]
= (δjkΣiα − δikΣjα) , (188)
{
Qiα, Q
j
β
}
= −1
2
δij
[(
ΓabC
)
αβ
Z˜ab − 2 (ΓaC)αβ Pa
]
+Cαβ Y˜
ij, (189)
{
Qiα,Σ
j
β
}
= −1
2
δij
[(
ΓabC
)
αβ
Zab − 2 (ΓaC)αβ Z˜a
]
+ CαβY
ij , (190)
{
Σiα,Σ
j
β
}
= −1
2
δij
[(
ΓabC
)
αβ
Z˜ab − 2 (ΓaC)αβ Pa
]
+Cαβ Y˜
ij. (191)
Let us note that the N = 1 case (whose internal symmetries generators T ij, Y ij and Y˜ ij are
absents) reproduces the minimal AdS-Lorentz superalgebra introduced in Ref. [65].
B Appendix
The (p, q) Maxwell superalgebra is generated by the following set of
{
Jab, Pa, Z˜ab, Z˜a, Zab, T
ij , T IJ , Y˜ ij , Y˜ IJ , Y ij , Y IJ , Qiα, Q
I
α,Σ
i
α,Σ
I
α
}
with i = 1, . . . , p and I = 1, . . . , q. The (p, q) Maxwell generators satisfy the following (anti)commutation
relations
[Jab, Jcd] = ηbcJad − ηacJbd − ηbdJac + ηadJbc , (192)
[Jab, Zcd] = ηbcZad − ηacZbd − ηbdZac + ηadZbc , (193)[
Jab, Z˜cd
]
= ηbcZ˜ad − ηacZ˜bd − ηbdZ˜ac + ηadZ˜bc , (194)[
Z˜ab, Z˜cd
]
= ηbcZad − ηacZbd − ηbdZac + ηadZbc , (195)
[Jab, Pc] = ηbcPa − ηacPb , [Pa, Pb] = Zab , (196)[
Z˜ab, Pc
]
= ηbcZ˜a − ηacZ˜b ,
[
Jab, Z˜c
]
= ηbcZ˜a − ηacZ˜b , (197)
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[
T ij , T kl
]
= δjkT il − δikT jl − δjlT ik + δilT jk , (198)[
T ij, Y kl
]
= δjkY il − δikY jl − δjlY ik + δilY jk , (199)[
T ij, Y˜ kl
]
= δjkY˜ il − δikY˜ jl − δjlY˜ ik + δilY˜ jk , (200)[
Y˜ ij, Y˜ kl
]
= δjkY il − δikY jl − δjlY ik + δilY jk , (201)
[
T IJ , TKL
]
= δJKT IL − δIKT JL − δJLT IK + δILT JK , (202)[
T IJ , Y˜ KL
]
= δJK Y˜ IL − δIK Y˜ JL − δJLY˜ IK + δILY˜ JK , (203)[
T IJ , Y KL
]
= δJKY IL − δIKY JL − δJLY IK + δILY JK , (204)[
Y˜ IJ , Y˜ KL
]
= δJKY IL − δIKY JL − δJLY IK + δILY JK , (205)
[
Jab, Q
i
α
]
= −1
2
(
ΓabQ
i
)
α
,
[
Pa, Q
i
α
]
= −1
2
(
ΓaΣ
i
)
α
, (206)
[
Z˜ab, Q
i
α
]
= −1
2
(
ΓabΣ
i
)
α
,
[
Jab,Σ
i
α
]
= −1
2
(
ΓabΣ
i
)
α
, (207)[
T ij, Qkα
]
= (δjkQiα − δikQjα) ,
[
Y˜ ij , Qkα
]
= (δjkΣiα − δikΣjα) , (208)[
T ij,Σkα
]
= (δjkΣiα − δikΣjα) , (209)
[
Jab, Q
I
α
]
= −1
2
(
ΓabQ
I
)
α
,
[
Pa, Q
I
α
]
=
1
2
(
ΓaΣ
I
)
α
, (210)
[
Z˜ab, Q
I
α
]
= −1
2
(
ΓabΣ
I
)
α
,
[
Jab,Σ
I
α
]
= −1
2
(
ΓabΣ
I
)
α
, (211)
[
T IJ , QKα
]
= (δJKQIα − δIKQJα) ,
[
Y˜ IJ , QKα
]
= (δJKΣIα − δIKΣJα) , (212)[
T IJ ,ΣKα
]
= (δJKΣIα − δIKΣJα) , (213)
{
Qiα, Q
j
β
}
= −1
2
δij
[(
ΓabC
)
αβ
Z˜ab − 2 (ΓaC)αβ Pa
]
+Cαβ Y˜
ij, (214)
{
Qiα,Σ
j
β
}
= −1
2
δij
[(
ΓabC
)
αβ
Zab − 2 (ΓaC)αβ Z˜a
]
+ CαβY
ij , (215)
{
QIα, Q
J
β
}
=
1
2
δIJ
[(
ΓabC
)
αβ
Z˜ab + 2 (Γ
aC)αβ Pa
]
− CαβY˜ IJ , (216)
{
QIα,Σ
J
β
}
=
1
2
δIJ
[(
ΓabC
)
αβ
Zab + 2 (Γ
aC)αβ Z˜a
]
−CαβY IJ . (217)
One can note that when q = 0, we recover the usual N -extended Maxwell superalgebra whose
(anti)commutation relations can be found in Refs. [72, 73].
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